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ACCURACY OF RESULTS WITH NASTRAN MODAL SYNTHESIS 
D. N .  H e r t i n g  
U n i v e r s a l  A n a l y t i c s ,  Inc. 
A new method For component mode s y n t h e s i s  has been developed f o r  i n s t a l l a -  
t i o n  i n  NASTR4N Level i7.5. An i n t r o d u c t i o n  and summary of t h e  method was 
p resen ted  a t  the 1977 NASTRAN Colloquium [Ref .  1 1 ,  b u t  a c tua l  r e s u l t s  were 
u n a v a i l a b l e  a t  t h a t  time. T h i s  paper  s e r v e s  as a c o n t f n u a t i o n  t o  Refe rence  1 
by p r e s e n t i n g  resul ts  o b t a i n e d  from t h e  new methocr and comparing t h e s e  re- 
s u l t s  w i t h  e x i s t i n g  modal s y n t h e s i s  methods. 
INTRODUCTION 
The modal s y n t h e s i s  system developed by  U n i v e r s a l  A n a l y t i c s ,  Inc. (UAI) f o r  
NASTwN i s  a new development which p r o v i d e s  f o r  t h e  b e n e f i t s  i n h e r e n t  i n  
e x i s t i n g  methods b u t  e l i m i n a t e s  t h e  r e s t r i c t i ~ n s  and computa t iona l  drawbacks  
a s s o c i a t e d  w i t h  o t h e r  methods. I n  Refe rence  1 i t  was p o s t u l a t e d  t h a t  t h e  nev  
method was s u f f i c i e n t l y  g e n e r a l  t o  d u p l i c a t e  t h e  r e s u l t s  of  o t h e r ,  more re- 
s t r i c t e d ,  methods simply by choos ing  d i f f e r e n t  types  of normal  modes o r  
v e c t o r  r ecovery  p rocedures .  The t e s t  problems d e s c r i b e d  h e r e i n  have  been 
s e l e c t e d  for d i r e c t  comparison w i t h  o t h e r  p u b l i s h e d  r e s u l t s .  T h e  g o a l  of 
t h i s  e f f o r t  was t o  de te rmine  t h e  r e l a t i v e  accuracy  of t h e  UAI method w i t h  i t s  
d i f E e r e n t  o p t i o n s .  
The use  of  s t r u c t u r a l  modes a s  gene ra l i z ed  d e g r e e s  of freedom i n  dynamic models 
o r i g i n a t e d  i n  t h e  ana log  computer f i e l d  where s t r u c t u r e s  were  combined w i t h  
a e r o e l a s t i c  and c o n t r o l  system models. The first  a p p l i c a t i o n s  t o  d i g i t a l  com- 
p u t e r s  were s i m p l e  e x t e n s i o n s  of t h e  a n a l o g  t e c h n i q u e s .  T h i s  so -ca l l ed  c l a s -  
sical approach proved bo th  h i g h l y  r e s t r i c t i v e  and l i m i t e d  i n  accuracy .  Many 
d i f f e r e n t  approaches have been developed i n  r e c e n t  years hav ing  i n c r e a s e d  
accuracy and more g e n e r a l i t y  i n  s o l v i n g  l a r g e - o r d e r  s t r u c t u r e  dynamics pro- 
blems.  
Al though t h e  p r e v i o u s  methods used i n  component: mode s y n t h e s i s  v a r y  c o n s i d e r -  
a b l y  i n  both  approach and a p p l i c a t i o n ,  they may be  grouped i n t o  two d t s t i n c t  
c a t e g o r i e s .  The  f i r s t  c a t e g o r y  c o n t a i n s  aLI of t h e  methods us ing  a Rayleigh- 
R i t z  approach i n  which  t h e  component d e g r e e s  of freedom represent t h e  d e f l e c -  
t i o n s  of normal modes and s t a t i c  d e f l e c t i o n  s h a p e s .  The second c a t e g o r y  
c o n t a i n s  methods i n  which t h e  component d e g r e e s  o f  freedom are a c t u a l  
p h y s i c a l  d i s p l a c e m e n t s  p l u s  a set o f  modal c o o r d i n a t e s .  Here ,  t h e  c l a s s i c a l  
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tncthod h a s  been iriiproved by adding f l e x i b i l i t y  coef f i c i e n t s  t o  t h e  m a t r i c e s  t o  
accoun t  f o r  t h e  e f f e c t s  of a t r u n c a t e d  se t  of  modes. 
The t h e o r e t i c a l  development of  tl-le NASTRAN n loda l syn thcs i s  sys tem i s  b e i n g  
i s s u e d  i n  Reference 2 ,  t h e  Level  17.5 T h e o r e t i c a l  Manual, I n  t h i s  develop- 
ment t h e  " r e s i d u a l  F l e x i b i l i t y "  approach i s  used  a s  a  s t a r t i n g  p o i n t  b u t  t he  
end r e s u l t s  become v e r y  s i m i l a r  t o  t h e  Rayle igh-Ri tz  approach.  The new 
method, i n  e f f e c t ,  i s  r e l a t e d  t o  b o t h  c a t e g o t i c s  of modal s y n t h e s i s  and shows 
t h a t  t h e  d i f f e r e n c e s  between chem a r e  more r e l a t e d  t o  c o n ~ p u t a t i o n a l  procea- 
d u r e s  t h a n  in t h e o r e t i c a l  b a s i s .  
The two test problems d e s c r i b e d  below were  selected f o r  comparison w i t h  s e v e r a l  
advanced mode s y n t h e s i s  methods. The problems a l s o  p r o v i d e  a comparison of 
t h e  v a r i o u s  op t ions  t h a t  w i l l  b e  a v a i l a b l e  i n  t h e  NASTRAN sys tem which a r e  
surr~rnarized below : 
1. The boundary c o n d i t i o n s  used t o  o b t a i n  component modes are n o t  r e s t r i c t e d .  
Free, c o n s t r a i n e d ,  and p a r t i a l l y  Eree  modes may b e  used.  
2. 1nerL.f.a re l ief  d i sp lacement  shape  f u n c t i o n s  may b e  i n c l u d e d  a s  degteqs of 
Freedom as  a u s e r  a p t i o n .  These p r o v i d e  f o r  exact s L a t i c  r e s p o n s e  of 
Eree bod ies  and more accuracy  f o r  low frequency r e s p o n s e .  
3.  I n  t h e  v e c t o r  r e c o v e r y  p r o c e s s ,  a f t e r  a sys tem s o l u t i o n  has been o b t a i n e d ,  
a "mode a c c e l e r a t i o n "  p rocedure  whicll c a l c u l a t e s  ii:~mproved" d i s p l a c e -  
ments i s  a v a i l a b l e .  
4 .  A f u l l  s e e  of e r r o r  check p rocedures  a r e  a v a i l a b l e  t o  a s s e s s  t h e  ackuracy 
of the r e s u l t s .  These  i n c l u d e  p r i n t o u t  of  t h e  e q u i l i b r i u m  f o r c e s ,  energy 
checlcs af t r u n c a t e d  modes, and d i r e c t  e v a l u a t i o n  o f  t h e  p a r t i c i p a t i o n  of 
t h e  modal c o o r d i n a t e s .  
The t e s t  problems and t h e i r  r e s u l t s  a r e  summarized below, fo l lowed  by a 
summary o f  the c o n c l u s i o n s  which f o l l o w  Eronr the e v a l u a t i o n  of t h e  t e s t s .  
NOMENCLATURE 
u  - P h y s i c a l  Displacement  
G - Guyan Reduct ion T r a n s f o r m a t i o n  M a t r i x  
K - S t i f f n e s s  M a t r i x  
M - Mass M a t r i x  
$5 - Length 
x - S p a c i a l  C o o r d i n a t e s  
T - K i n e t i c  Energy 
V - P o t e n t i a l  Energy 
E - Error Ratio 
& - Genern1:ized Displacement of n tiode 
p - D e n s i t y  
$ - Eigenvec to r  
w - Radinn Praquency 
EXACT ROD PROBLEEI 
A convenient  t e s t  problet~r Ear ruodol synthesis e v a l u a t i o n  was used by Rubin 
[ i k f .  33 t o  conlpare v a r i o u s  laethods, i n c l u d i n g  h i s  ow11 new n~ethod.  The prob- 
lenr, I l l u s t r a t e d  I n  F i g u r e  1 c o n s i s t s  of  a s i n g l e  r o d  wi th  e x t e n s i o n a l  mot ion.  
Ratlzer than s o l v e  t h e  ptobleur w i t 1 1  E l n i t e  c l e ~ ~ ~ e t l t s ,  a set: of c l o s e d  fornr i n -  
t eg ra l  s o l u t i o n s  may be used t o  ob r a i n  t h e  nlodal s y n t h e s i s  tiratrix c o e f f i c i e n t s  . 
I n  e f f e c t ,  t h e  r e s u l t s  !\rill sinrulacc a problelrl with an i n f i n i t e  nuru~ber of 
t ~ l e ~ ~ ~ c r - r t s .  T h i s  procediire will e l m i n a t e  t l ~ e  E i r ~ i t c  element e r r o r s  and will 
a l l o w  a n a l y s i s  of e r r o r s  resulting only  from t h e  rtrodal s y n t h e s i s  f o r n ~ u l a t i o n .  
T h e  problctu solved by Rubin u s e s  t h e  f r e e - f r e e  modes of t h e  rod to fornulate 
a component: nrocle subs  t r u c  c u r e .  The s o l ~ r t i o n  matrix i s  then  cons  t r a i n e d  t o  
o b t a i n  c a n t i l e v e r  modes. I f  t h e  end d e g r e e  of  freedom were i n c l u d e d  i n  t h e  
norlnal Eorrrulat lon i~ c o u l d  b e  a t t a c h e d  t o  a n o t h e r  s t r u c t u r e  d i r e c t l y .  Tl le  
errors i n  t h e  r e s u l t s  w i l l  occur  b e c a u s e  t h e  sine wave s o l u t i o n s  f o r  t h e  
c a n t i l e v e r  rod n ~ u s t  be approxinlated by the d i s s i n r i l n r  c o s i n e  waves of t h e  
free r o d .  
I n  t h e  U A I  method, the d i s p l n c e a e r ~ c  s h a p e s  are 
S t -a t i c  Displacements  
I n e r t i a l  Relief: 
Normal Modes : 
After normlalizl.ng the u n i t s ,  t k e  t o t a l  displacement at any p o i n t  on t h e  rod is: 
111s tend of p e r f o r r ~ i n g  m a t r i x  ~ r n n s f o r m a t i o n s  t h e  s t i f f n e s s  , [K] , and mass, [!I], 
urn trices are ob t o i n e d  u s i n g  t h e  Ln Grange fo r ruu la t ion  wl~icl~ s t a t e s  : 
where t h e  potential energy ,  V ,  and t h e  k ine t ic  ene rgy ,  T ,  a r e :  
After e v a l u a t i n g  the i n t e g r a l s ,  the stiffness matrix produced by the new 
nlethod is : 
The nlass matr ix  is:  
Since t h e  f i r s t  row cor responds  t o  t h e  d i sp lacement  a t  x = 0 ,  t h e  boundary 
c o n s t r a i n t ,  u = 0, r e q u i r e s  that t h e  f i rs t  row and column b e  d e l e t e d  f o r  
c a l c u l a t i o n  'of t h e  c a n t i l e v e r  modes. 
The r e s u l t s  of t h e  modal s o l u t i o n  are t h e  f r e q u e n c i e s  w and g e n e r a l i z e d  dis- i 
placements 5 
oi ' 'hi ' k = 1, 2 . . . . The a c t u a l  mode s h a p e s  may b e  o b t a i n e d  
fro111 e q u a t i o n  ( 4 ) .  However, a n~obc a c c e l e r a t i o n  method (UIMPROVE) available 
in NASTUN and also u s e d  by Rubin will enhance the vectors. Transforming 
t h e  matr ix  e q u a t i o n s  i n t o  e q u i v a l e n t  i n t e g r a l s  r e s u l t s  i n  t h e  e q u a t i o n :  
where z ( x )  is obtained by multiplying the displacement u(x) in Equation ( 4 )  
2 by -w ,. This  results in the mode shape: 
- 
where x = x/R is used f o r  s i m p l i c i t y .  
The exact solutions f o r  the c a n t i l e v e r  rod problem modal frequencies are: 
The exact  mode shapes are:  
$ex = s i n e  (2n - L)ax 2 R 
The calculated n a t u r a l  f r e q u e n c i e s  for the synthesized system produce an e r r o r  
r a t i o  E ~ ,  d e f i n e d  by t h e  c q u ~ t i o n :  
W - W  
E = ex 
W 
*ex 
The r e s u l t i n g  e r r o r s  i n  n a t u r a l  frequency are tabulated in Table 1. These 
errors match Rubins r e s u l t s  for his method exact ly .  Note t h a t ,  except for 
tho s i n g l e  degree of freedom problem, t he  error i n  the l a s t  mode f o r  any 
matrix s i ze  is  nearly cons t an t  arid that the convergence rate f o r  a g iven  
o r d e r  mat r ix  i s  n e a r l y  uniform. 
An order o f  magnitude fit of t h e  frequency errors i s  produced by the  equat ion:  
where w i s  t h e  Ercqucncy of t h e  lowest: t r u n c a t e d  mode shape, The e q u a t i o n  k 
is  no t  a c c u r a  
t:er round-of E 
o r d e r  
ttl f o r  the  lower siodca of the lnrgc; o r d e r  n ln t r i ces  due t o  compu- 
. S i n g l e  p r e c i s i o n  a r i t h m e t i c  produced numer ica l  e r r o r s  of the 
T11e NlS e r r o r s  For t h e  ca l cu la t ed  e i g e n v e c t o r s  a re  sl~own i n  Table 2 f o r  the 
same o r d e r  s y n t h e s i z e d  matrices. Dot11 f i r s t  and second methods f o r  c a l c u -  
l a t i n g  t h e  v e c t n r s  were used .  The e q u a t i o n s  used f o r  t h e  v e c t o r  e r r o r s  are: 
and 
Both v e c t o r s  were noralal ized to n n i t  modal mass,  
Note t h a r  rhc improved d i sp lacement  c a l c u l a t i o n s  (4 ) produce mucli b e t t e r  re- 2 
- 6 
s u l t s  when t h e  Eirst: o r d e r  e r r o r s  are between and 10 , 
I n  o t h e r  words, a good Eirst approximat ion will. produce a b e t t e r  improved so-  
lution. A poor f i r s t  s o l u t i o n ,  such as t h e  l a s t  niode i n  a set, w i l l  r e s u l t  
i n  l i t t l e  improvement. A n e a r l y  e x a c t  f i r s t  s o l u t i o n  w i l l  not: improve due 
t o  numerical round-off .  
The  r e s u l t s  of  i t~ i s  test: are nearly i d e n t i c a l  t o  Rubin ' s  [Ref. 31 r e s u l t s  
f o r  his aiethad. The f requency e r r o r s  fa13 e x a c t l y  on t h e  p u b l i s h e d  c u r v e s .  
The  d i sp lacement  e r r o r s  for the UAI method appeer  t o  b e  b e t t e r  than Rubin 's  
results. Ilowever i t  is  s u s p e c t e d  t h a t  d i f f e r e n c e s  i n  numerical procedures  
p roduced  t h e s e  changes. Also t h e  f i r s t  order d i sp lacement  r e s u l t s  compare 
w i t h  the r e f e r e n c e d  r e s u l t s  for  the nlodified Banlford inethod used i n  Ref- 
erence 3.  
TWO COEIPONENT TRUSS PROBLEPi 
This problem has nearly beccne a s t a n d a r d  f o r  the e v a l u a t i o n  of modal syn- 
thesis  methods. It has been used i n  Refe rences  (1,  5,  and ot l l e ra  Ear com- 
p a r i a o n  between d i f f e r e n t  f o r m u l a t i o n s  and p rocedures .  A l a r g e  q u a n t i t y  
of darn i s  a v a i l a b l e  €or  v a l i d a t i o n  o f  any new method. The b o s i c  problem, 
sllown i l l  F i g u r e  2 ,  c o n s i s t s  of  two t r u s s  s u b s t r u c t u r e s .  Each n u b s t r u c t u r e  
is reduced to  i ts  normal nlodes p l u s  any a d d i r i o n a l  s h a p e  f u n c t i o n s  used by 
a p a r t i c u l a r  method. Tl l r  trusses ore combined at: the tl-.ree corilman g r i d  
p o i n t s  and t h e  uncons t ra ined  rrlodcs oE t h e  cornbillation are o b t a i n e d .  
T h i s  problem was solvcd d i r e c t l y  on t h e  U A I m o d n l s y n t h e s i s  sys tem implementad 
on L16 NASTEZAN. Severa l  d i f f e r e n t  o p t i o n s  and m n t r i x  sizes were tested. The 
parameters  of t h e  tes t  cases are shown i n  T a b l e  3 ,  The m n t r i x  t ; izes were 
choson t o  p r o v i d e  d i r e c t  comparison with t h e  r e s u l t s  i n  ~ e f e r e n c e  4 .  
The r e s u l t s  were conipared w i t h  a s i n g l e v - s t r u c t u r e  NASTMN e x e c u t i o n  t o  o b t a i n  
the percen tage  e r r o r s  of t h e  fre:[uencies.  Tllese e r r o r s  are shown tn T a b l e s  4 
and 5 a l o n g  wi th  r e s u l t s  from Hinrz  [Ref.  4 1 .  T.n a l l  c a s e s  an e x c e l l e n t  cor- 
r e l a t i o n  was o b t a i n e d  between t h e  NASTRAN r e s u l t s  and tlie r e s u l t s  of t l ~ c  
e q u i v a l e n t  Eormula t io r~s  used by Hin tz  The o n l y  d e v i a t i o n  o c c u r r e d  when t h e  
e r r o r s  became too  smal l  t o  c a l c u l a t e  when t h e  NASTRM p r i n t o u t  t r u n c a t e d  t h e  
d i f f e r e n c e  in results. I n  each caEe the r e s u l t s  a r e  n o t  shown where  t h e  
e i g e n v e c t o r  became unrecogn izab le  and/or t h e  n a t u r a l  Erequenc ies  changed i n  
sequence.  
It: is  i m p o r t a n t  t o  n o t e  that t h e  cases u s i n g  f r e e  component: modes, w i t h  no 
i n e r t i a  r e l i e f  e f f e c t s ,  produced v e r y  poor  r e s u r t s .  This Is due t o  t h e  f a c t  
that: the f r e e  ntodes approximate  h a l f  waves w h i l e  t h e  c a n t i l e v e r  modes appro- 
ximate q u a r t e r  waves. The skiapes of t h e  f i r s t  modes of t h e  combinat ion 
a p p a r e n t l y  a r e  d i f f i c u l t  t o  approximate  by a  set  of h i g h e r  o r d e r  shapes .  
Tho inertia relieE shapes  supp ly  t l lcse  smoot11 f u n c t i o n s .  T h e i r  c o n t r i b u t i o n  
i s  lnos t s i g n i f i c a n t :  i t1  t h e  lower  f rcquency modes. 
A l so  i n d i c a t e d  i n  t h e  t a b l e s ,  by dashed l i n e s ,  are t h e  l o w e s t  t r u n c a t e d  fre- 
quenc ies  f o r  t h e  component modes used i n  t h e  a n a l y s i s .  The r e s u l t s  i n d i c a t e  
that: in t h e  i n e r t i a  r e l i e f  c a s e s ,  t h i s  f r equency  i s  a good i n d i c a t i o n  of t h e  
l i m i t  f o r  v a l i d  r e s u l t s .  IJIlcn o n l y  normal and c o n s t r a i n i n g  modes are used ,  
t h i s  f r equency  has some s i g n i f i c a n c e ,  b u t  does  not indic i . l te  p o s s i b l e  e r r o r s  
Jue t o  poor approxiination of t h e  a c t u a l  mode shapes .  
As a  f u r t h e r  check r h e  problem was execu ted  u s i n g  36 elastic d e g r e e s  of free- 
dom ( c a s e  9 ) .  Th i s  case a l s o  c o r r e l a t e d  w i t h  the Reference  4 r e s u l t s ,  
l~aving 29 modes with a Frequency e r ro r  of l e s s  t h a n  5% E?~,arly all of t h e  
Eirsr 15  modes were c a l c u l a t e d  t o  values exact t o  t k  l a s t  d i g i t  of t h e  p r i n t -  
o u t .  However this c a s e  shou ld  n o t  b e  c o n s i d e r e d  2% a t y p i c a l  example s i n c e  
on ly  60 d e g r e e s  of freedom e x i s t e d  i n  t h e  o r i g i n a l  str..uctili.e. The t y p i c a l  
a p p l i c a t i o n  of modal s y n t h e s i s  would r e s u l t  i n  a m a t r i x  s i z e  w i t h  a much 
s m a l l e r  f r a c t i o n  of t h e  o r i g i n a l  matrix s i z e .  
CONCLUSIONS 
As was posruLated i n  lieforencc 1, t h e  new urodnl s y n t l l e s i s  method t o  be  a v a i l -  
a b l e  i n  NASTRAN i s  capable of s i i r ru la t ing t h e  r e s u l t s  and accuracy of any of 
t h e  c u r r e n t  s t a t e - o f - t h e - a r t  inodol s y n t h e s i s  methods. 'The d i f f e r e n c e s  I n  the 
r e s u l t s  occur  from se lec t ing  d i f f e r e n t  t y p e s  of component iitades and types  of 
s o l u t i o n  v e c t o r  recovery p r o c e s s i n g .  Fur thennore ,  i t  rlrns observed Eroln t h e s e  
t e s t s  c h a t  t h e  f r e q u e n c i e s  of  t h e  t r u n c a t e d  conlponent normal n~odcs a r e  a 
e i g n i f i c a n t  indicator of t h e  u p p e r  limit of v a l i d  combination nlodes, 
Although t1;e 11c1rr system p r o v i d e s  a c c u r a c i e s  e q u a l  t o  o r  b e t t e r  than any o t h e r  
advanced method, i t  a l s o  eliminates t h e  r e s t r i c t i o n s  t h a t  o r e  imposed by t h e  
o t h e r  f o r m u l a t i o n s .  Tile UAI: method does  n o t  r e q u i r e  u n c o n s t r e l n e d  modes 
requi red  by t h e  Rubin and PicNeal [ R c ~ f .  h ]  formulations. The nietl~od conven- 
i e n t l y  u s e s  rile a c t u a l  boundary g r i d  p o i n t s  a s  d e g r e e s  of freedom (as i n  t h e  
Rubfu and blacNea1 methods) as  op. >sad t o  t h e  c o n v e n t i o n a l  Raylcjgh-Ritz 
methods, i n  which an actual\  boundary d i sp lacement  c o o r d i n a t e  tnust b e  expressed  
as  n colnbination of nlode d i s p l a c e i ~ a i ~ t s .  Fur thermore ,  i t  a l l o w s  any c l ~ o i c e  of 
~liode s h a p e s ,  including modes fixed a t  non-boundary p o i n t s ,  p a r t i a l l y  free 
modes, and user  supplied v e c t o r s .  
The results f o r  bn rh  t e s t  problt-s . I n d i c a t e  t h a t  t h e  i n e r t i a  r e l i e f  o p t i o n  
is  recommended f o r  most cases. T t ~ e  nu l t~ber  of c a l c u l a t i o n s  t o  o b t a i n  these 
shape  Euncr ions  i s  s t i ~ a l l  r e l a t i v e  t o  t h e  modal c a l c u l a t i o n s +  A a~aximuni 
of s i x  excra clcgrces of freedom p e r  con~ponenr a r e  added t o  t h e  system. 
R e s u l t s  Eroar t h e  second t e s t  problem i n d i c a t e  t h a t  one s h o u l d  n o t  replace 
rnodnl c o o r d i n a t e s  wi th  t h e  i n e r t i a  r e l i e f  components s i n c e  this w i l l  lower 
  he eEEec t ivc  frequency range.  
The use of  t h e  "improved d i s p l a c e n e n t "  o p t i o n s  i n  Che s o l u t i o n  v e c t o r  re-  
covery Drocess appears t o  be l e s s  d raa ia t i c  i n  f c s  e f f e c t i v e n e s s .  T h i s  o p t i o n  
w i l l  be most e f fec t ive  when the f i r s t  o r d e r  v e c t o r s  .*re r e a s o n a b l y  v a l i d  and 
a c c u r a t e  stress d a t a  are  required. 
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TABLE 1, MODE FREQUENCY ERRORS, Ew, VERSUS 


















1 2 3 4 6 3 12 
6.6-3 9.5-5 8.5-6  1.21-6 6.1 -7 5 . 5  -6 3.0-6 
3.1-2 1.1-3 1.88-4 1.78-5 -1.21-6 -2,l-5 
4.4-2 2 . 4 - 3  1 .73-4  3 . 4 - 5  -2.1-5 
5.2 -2 8.9 -4 I 1,s -4 -3,3-5 ' 
4 .1  -3 5.1 -4 -2.3-5 
5 . 9  -2 1.5 -3 - 4 . 4 - 6  - 
4 .9  -3 7.4-5 
6.2 -2 2. E,-4 
7.5-4 
1.8-3 
4 .8 -3  
5.9-2 
TABLE 2 .  ETGENVECTOR RMS ERRORS VERSUS 
MATRIX ORDER - FREE ROD PROBLEM 






















1 2 3 4 6 8 12  
1 .31-2  3.18-5 3.06-6 6.26-7 1.81-7 1.35-7 2.23-7 
(2.69-2)* (4 .70-4)  (9 .76-5 )  (3.25-5) (6 .97-6 )  ( 2 . 3 2 - 6 )  (6 .52-7 )  
9.81-3 1 . 0 3 - 3  1.66-5 1.87-5 9.71-6 5.00-6 
(2 .78-2)  (3 .79-3 )  (1 .05-3 )  ( 2 . 01 -4 )  (6 .72-5)  ( 1 . 25 -5 )  
,- 
2.15-2 3.36-3 2.1G-4 5.44-5 5.50-5 
(4 .30-2 )  (7 .81 '3)  (1 .11 -3 )  (3 .27-4 )  ( 6 . 00 -5 )  
3.19-2 1 .65-3  2.77-4 1 .11 -4  
(5 .37-2 )  4 1 0 3  ( 1 .039 -3 )  ( 1 . 73 -4 )  
- 
9.19-3 1.12-3 2.04-4 
( 1  5 1 2  (2 .76 -3 )  (4 .05-4)  
4.79-2 4.06-3 5.46-4 
(6 .79-2 )  (8 .91-3 )  (8 .34-4 )  
1 .56-2 9. ;5-4 
(2 .12-2 (1.62-3) 
 
EL% 6.01-2 2.01-3 
(EJ) (1 .34-2 )  ( 3 . 06 -2 )  
3.96-3 




( 2 . 9  3-2) 
7.57-2 
(8.20-2)  
TALILI', 3 .  :l'EST CASE FAlWIVL'ERS 








8 C a ~ ~ c i l e v e r  



































Cni~ciLevt l r  
C n n t i l e v c r  
Cnti t:ilcver 
TAULII 4 .  PERCENT FREQUENCY ERRORS WITH 12 ELASTIC DEGREES OF FKEEDOM 
TWO COELPONENT TRUSS l'l1OI3LEEl 


















1 2 5 G 
Free Free Cant .  Cant, 
Eldes w/l.R, l lodes w / I . R .  
24.27 .OOG ,011 .00039 
3.28 ,021 ,013 ,134 
- - -  
1 0 . 4 1  ,737 .031 .737 
4 . 5 1  ,147 ,150 2.93 
2.47 1.82 .I97 10.83 
- - -  
4.50 6.45 ,184 17 -06 
1.00 I.G.02 6 . 4 9  
4.87 6.44 
0.75 
indicates Ercq. of <-First t r u r ~ c n  - - tcd 
nrodc 
- - -  
REF. 4 RESULTS 
Free Cat1 t . Iiur lry 
w / I .  11. w/I. R. 
.006 .Oll ,00067 
,019 ,013 ,187 
.074* .031 .743 
. 1,50 .I55 2.94 
1.68 ,130 10.3 
6.55 .I84 16.9 
16.8 7 . 3 9  
TABLE 5 .  PERCENT FREQUENCY ERI<ORS WITH 20 ELASTIC DEGREES OF FREEDOM 
TWO COhE'ONENT TRUSS PROBLEM 
REP, 4 RESUT TS 
Hur ty Free Cant. 
W/I.R. 
w'.~* Modes) 
.OOOOL7 .00074 9x10 '~  
.000061 .0018 3 x 1 0 - ~  
.0138 ,0096 .00584 
.00024 .0092 ,00002 
.00081 .034 .0014 
.0020 ,0103 .00054 
.083 .941 ,264 
,0068 .117 .018 
.00093 .80 .69 
,0045 -20  .25 
,022 .30 1 .03  
. I34 .28 11.1 
5.33 -14 
7.15 . 7 2  
2 . 6 3  
11.4 



















1 7  
NASTRAN CASE 
3 4 7 8 
Free Fret; Cant.. Cnnt. 
Modes w/I . R .  Fiodes w/I.R. 
8 .92  ,00034 ,00043 .00034 
1 .21  ,00902 ,0017 0 
7.67 .0135 ,0098 .0063 
1.08  ,00023 .0096 .00002 
6.00 .00083 ,033 0 
0.85 .0020 .0098 ,00960 
0 .61  .G80 .947 . 2 6 8  
1.58 .0071 .I22 .021 
.084 .00098 -59 .54 
,030 ,0341 .36 .40 
.90 .021 . 3 3  .98  
- - -  
3.30 .428 .49 12 .3  
4 .01  5.35 .16 
- - -  
.244 7.87 .77 
1.10 2.37 
-. 59 12 .15  
6.69 
first truncated 111ode 
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I R I 
(a) Basic Defini t ion 
nrx (b)  Component Modes (Free) Q, = cos -R 
(2n - l )nx  (c) S o l u t i o n  Modes = s i n  2R 
FIGURE 1. EXACT ROD PROBLEM 
r - Boundary Psints 
- 
- ABAS IC - BBASIC --
Figure 2.  Nine-cell truss basic substructures. 
